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Let B be the open unit ball of a complex Hilbert space H with an inner
product (-,-) and an induced norm || - ||, and let p : B x B — R' be the
hyperbolic metric on B ([14], p. 98), i.e.,

(1) p(z,y) = tanh™" /1 —o(x,y),

(1= ") (@ = Jlyl*)
1= (>

We denote by N, the class of all those self-mappings F' : B — B which are

(2) o(z,y) =

x,y € B.

nonexpansive with respect to p (p-nonexpansive), i.e.,

(3) p(F(x),F(y)) < p(z,y).

Note that the class NV, properly contains the class Hol(B) of all holomorphic
self-mappings of B ([13, 14]).

Definition 1: A family & = {F(t)}+>0 of self-mappings of B is said to be a
one-parameter continuous semigroup (flow) on B if

(4) F(t+s)=F(t)oF(s), t,s>0,
and
(5) lim F(t) =1,

where I is the restriction of the identity mapping of H to B and the limit is
taken pointwise with respect to the strong topology of H.

We denote F(t)x, the value of F(t) at © € B, by Fy(z), t > 0.
Definition 2: A flow S = {F(t)};>0 on B is said to be generated if for each
x € B, there exists the strong limit

(6) f(z) :== lim %(ac — Fi(x)).

t—0t

In this case the mapping f : B — H is called the (infinitesimal) generator of
S.
If f generates a flow of p-nonexpansive self-mappings of B, then we will write

[ €GN,(B).
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The following result is established in [20]:

¢ A semigroup S of holomorphic self-mappings of B is differentiable with
respect to the parameter t > 0 (hence, generated by a holomorphic mapping) if
and only if it is locally uniformly continuous on B, i.e., the limit in Definition 1
is uniform on each p-ball in B.

Moreover, in this case (see [15] and [21]):

¢ The generator f is holomorphic on B, and bounded and uniformly contin-
uous on each p-ball in B.

The set of all holomorphic semigroup generators is denoted by G Hol(B).

The classical Julia—Carathéodory theorem and the boundary Schwarz—Wolff
lemma play a crucial role in geometric function theory (see, for example, [8] and
[25]). In particular, they can be effectively used in the study of the asymptotic
behavior of discrete and continuous dynamical systems. In this context these
celebrated results may be stated as follows:

¢ Let F be a holomorphic self-mapping of the open unit disk A in the complex
plane C. If for a boundary fixed point T € OA (lim,_,,- F(r7) = 1) the angular
derivative ZF'(1) := Zlim,_,, F'(z) = k exists finitely, then

2 2
F() =7 _ =1
=P =TT

e If k < 1 this inequality means that each horocycle internally tangent to the
unit circle A at T € A is F-invariant.

e This is indeed the case when F' has no fixed point in A and T € OA is its
so-called Denjoy—Wolff point, that is, T is an attractive fixed point for all orbits
of F.

We use the symbol Zlim,_,, to denote the limit in each nontangential ap-
proach region (see, for example, [18] and [25]).

Sometimes the above statements are grouped together under the name the
Julia—Wolff—-Carathéodory theorem. Higher dimensional analogs can be
found, for instance, in [24, 14, 9, 1, 8, 3, 2].

For holomorphic mappings on the open unit disk A in the complex plane C
(i.e., for the one dimensional case when B = A), an infinitesimal version of the
Julia—Wolff-Carathéodory theorem was given in [11]. Namely, it was shown
there that
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¢ f/ € GHol(A) has no null point in A if and only if for some T € A, the
angular derivative
(7) Zf'(t) :=Z1lim f'(z) =«
exists (finitely) with Rea > 0.

Moreover, a is, in fact, real and if S = {F(t)}+>0 is the semigroup generated
by f, then

|z — 7|2

|Fy(2) — 7|2
< exp (—ta) Z——
exp (—ta) T— EEk

A A, t>0.
e Fest=0

(8)
The point 7 is unique and a (globally) attractive sink point of S.

It is worth mentioning that the original Julia—Carathéodory theorem deals not
only with attractive boundary fixed points, but also with repelling fixed points
(see [8, 22]), i.e., it deals with not necessarily fixed point free holomorphic self-
mappings. In this direction, a generalization of the above theorem has recently
been given by M. D. Contreras, S. Diaz-Madrigal and Ch. Pommerenke [7].
They proved the following one-dimensional assertion:

¢ Let f € GHol(A). For a boundary point 7 € A, the following claims are
equivalent:

(i) the angular limit Zf'(t) := Zlim,_,, i(f) = [3 exists finitely;

(ii) the angular limit A8~ /lim,_,, 2E=T o exp(—tf3).

dz Z2—T

Note that condition (ii) is equivalent to inequality (8) for some a < .

In this paper we will establish these assertions for a general complex Hilbert
(not necessarily finite-dimensional) space H. Moreover, we will show that re-
placing the angular derivatives by just radial derivatives, we are able to prove
infinitesimal versions of the Julia—Carathéodory theorem and the boundary
Schwarz—Wolff lemma for the much wider class of generators of semigroups
of p-nonexpansive self-mappings of the Hilbert ball B. For the case of the
Denjoy-Wolff point, the asymptotic behavior of one-parameter semigroups of
p-nonexpansive and holomorphic mappings was also studied in [10].

Indeed, the content of the classical Schwarz—Pick lemma is the fact that
each holomorphic self-mapping of the open unit disk in the complex plane is
nonexpansive with respect to the Poincaré hyperbolic metric p defined by (1).
Therefore, one can try to use metric fixed point theory to derive results regarding
those mappings which are nonexpansive with respect to p. At the same time,
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we must remember that if a given mapping (or semigroup) is not holomorphic,
then the notion of derivative makes no sense.

It turns out, however, that although the study of the asymptotic behavior of a
fixed point free semigroup consisting of p-nonexpansive mappings is, in general,
much more complicated, one can define the real part of the radial derivative of
its generator at a boundary fixed point and use it to find invariant ellipsoids,
internally tangent at this point to the unit sphere, in the spirit of the Julia—
Carathéodory theorem and the boundary Schwarz—Wolff lemma. To understand
this phenomenon, we first consider the following example.

Example 1: Consider the continuous function f: A+ C defined by
zZ+z zZ—Zz
= — 1
fe)=—=+x— :

where x is a real parameter. Elementary calculations show that for all x > 1/2

the following boundary flow invariance condition holds:
Re f(2)2 >0, 2z € 0A.

Therefore it follows from Martin’s theorem [17] (see also [19]) that f gener-
ates a semigroup of continuous self-mappings of A. Indeed, solving the Cauchy

problem

OF;

WD) | i =0,
9) t

Fo(z) =2, z€A,
we find

A

Fi(z)=1—-e"'+e +e_xtz—;z, z € A.

It is clear that Fy(1) = 1 for all ¢ > 0 and lim; .o, Fi(z) =1 for all z € A.

However, no more information on invariant sets of this semigroup can be
obtained in this way.

If x = 1, then for each ¢ > 0, the function F;(z), as well as f, are holomorphic.
Hence one can apply the result in [11] (see (7)—(8) above) to derive

1o h(E(E) = 1 ﬁjlz <<t |;|§| 7

because the angular derivative of f at the boundary fixed point 7 = 1 exists
and equals 1.
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But for xy > 1 our generator f, as well as its generated semigroup, are again
not holomorphic.

However, fortunately, in this situation (y > 1) one can show that the semi-
group S = {F;}, consists of p-nonexpansive self-mappings of the open unit
disk A with the Poincaré hyperbolic metric p defined on it. Indeed,

Fy(z)=(1—e ") +z(e"/2+eX/2) +2(e7"/2—eX'/2)

is a convex combination of holomorphic and anti-holomorphic (hence, p-non-
expansive) mappings. So, by Theorem 6.5 on page 75 of [14], F} is also p-
nonexpansive.

In addition, we see that although f is not differentiable in the complex sense
in A, its radial derivative at the boundary null point 7 = 1 does exist:

o= 7l_igaﬁ f(r)/(r—-1)=1.

So, the following question arises:

e [s this fact sufficient to ensure the same invariance condition as (10) for a
semigroup of p-nonexpansive self-mappings of the open unit disk A?

In this paper we give an affirmative answer to this question in a much more
general situation.

To formulate our results, we need the following notions and notations.

For a fixed 7 € JB, the boundary of B, and an arbitrary x € B, we define a
non-Euclidean “distance” between x and 7 by the formula

11— (o))
d-(r) = ———5—.
(11) (z) T
The sets
T,8) =< : x :7|1—<z,7->|2 s s
(12) E(r,s) : { eB: d,(x) N < }, > 0,

are ellipsoids internally tangent to the unit sphere OB at 7.
As in [4], it can be shown that the support functional z* of the smooth convex
set E(r,s) at x € OFE(r,s), ¢ # 7, normalized by the condition
lim (x —7,2%) =1,
r—T
can be expressed by
1 1

1 = -
(13) T RE T I

T.
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Remark 1: If the generator f : B — H is holomorphic, a result similar to the
following Theorem can be found in [12, Theorem 1.1]. However, the application
of the Theorem in [5] in Step 2 of the proof of [12, Theorem 1.1] is not justified.
We avoid this gap in the present proof of our more general result. In the finite
dimensional case, a different, powerful technique has recently been used in [6]
to prove several related results (see, in particular, Theorem 4.7 there).

THEOREM: Let S be a semigroup of p-nonexpansive self-mappings of the Hilbert

ball B, generated by f : B — H. Suppose that f is uniformly continuous on

each p-ball inB, and 7 € OB is a null point of f in the sense that lim f(r7) = 0.
r—1-

The following assertions are equivalent:
@

(14) 1imsupRew > —00;

r—1-

(IT) a:= lim Re W exists finitely;
r—1-

(IIT) g :=inf2Re(f(x),z*) > —o0;
(IV) there exists a real number «y such that

(15) A (Fi(2)) < exp(—ty) - dr(a), = € B.

Moreover,

(a) o= and the maximal v for which (IV) holds is exactly the same ;
(b) if f is holomorphic and one (hence all) of conditions (I)~(IV) holds, then

L O
r—1- r—1

exists and is actually a real number equal to o = (3.

Combining this result with Theorem 8.3 in [23], we arrive at the following
analog of the boundary Schwarz—Wolff lemma.

Corollary: Let S = {F;}4>0 C N, be a semigroup of p-nonexpansive self-
mappings of B generated by f € GN,(B). Assume that f is null point free
(that is, S has no stationary point in B). Then there is a unique point 7 € 0B
such that

d,(Fi(z)) < exp(—ta)-d.(x), z€B,
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for some « > 0, and there is a continuous curve {z(r) : 0 <r < 1} C B ending
at 7 € OB for which
lim f(z(r)) = 0.
r—1-
Conversely, if for some point 7 € OB the radial limit lim,_,;- f(r7) = 0 and the
radial limit « := lim Re W exists and is positive, then for each ¢ > 0,
r—1-
the mapping F; has no fixed point in B.
To prove our Theorem we need the following additional concepts and facts.
A mapping f : B — H is said to be hyperbolically monotone or p-monotone
([21, 16)) if for each pair z,y € B,

(16) p(z+rf(z),y+rf(y) = p(z,y)

for all r > 0 such that the points  + rf(x) and y + rf(y) belong to B.

The crucial point in our approach is the following characterization of p-
monotonicity [21, Theorem 2.1]:

¢ A mapping f : B — H is p-monotone if and only if

(17)

Re[(028) 0100, g, [+ (n S

+
el I e (9] 1—(z,y)

for all points x,y € B.

Moreover, if f € GN ,(B) is uniformly continuous on each p-ball in B, then it
is p-monotone.

So, each holomorphic generator on B is p-monotone.

Proof of Theorem. The implication (II)=(I) is trivial. To prove other impli-
cations we denote by v the following real-valued function:

P(t,x) = dr (Fy(2)).
By direct calculation we get

(18) W =20 el @),
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where z* is defined by (13). Hence, by the semigroup property (4), ¥ (t+s,z) =
U(s, Fy(z)) and

OVt a) (ks a) —lhe) (s, Fyla) (0, Fi(a)
ot s—0+ s s—0+ s
_ 0Y(s, Fy(x))
B Os s=0+

—2¢(t, z) Re(f (Fi(2)), (Fy(2))")

for each ¢ > 0. Since this right-hand derivative is continuous, it follows (see, for
example, [27, p. 239]) that ¢ is, in fact, differentiable at each ¢t > 0 and
Op(t, )

(19) = () Re(f(Fi(2), (Fi(2))")

for all £ > 0.

STEP 1: (I)=(III). If (I) holds, then there exists a sequence {r,} such that
rn /1 and
<f(r7_)i7_> — hm Re <f(r’n7_)77-> .

aq = limsup Re
r— n—00 Tn — 1

Setting y = r,7 in (17), we get
o (f(x)vx> (TnTa f(hﬂ')) o (f(l'),?“n7'> + <$a f(7"n7')>
t [1||21”|2+ L—rj ]ZR [ 1—(z,ra7) ]

or, equivalently,

x "nT
Re <f($)a 1= z]2 1-r, <7'73€>> -

Re < F(raT) i nT > .

"1—r, (z,7) 71—7‘%

Letting now n tend to oo, we see that
Re (f(z),2") 2 /2,

i.e., (IIT) holds and S is not less than «;. By the way, this implies that «; is
finite.

STEP 2: (III)<(IV). Let (IV) hold for some real number v. Differentiating (15)
at t = 0, we obtain

2Re(f(x),2") =7,
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i.e., (ITT) holds, and 5 > 7.
Let now (III) hold. Then by (19),

2yt
WD) <yt 2)p.

Integrating this inequality with respect to ¢, we see that (IV) holds with v = S.

STEP 3: (IIT)=-(I). Let

2o (/) T ~ T ) 2

Substituting x = r7, 0 < r < 1, we see that

2Re<f<r¢>, T L> > 5,

1—-r2 1-
or
TT), T 2
Re <f£‘7)1 > i
Therefore
liminf Re M > 0.
r—1- r—1

Hence (I) holds and limsup,_,;- Re W > 0.

STEP 4: Just by comparing Step 1 and Step 3, we conclude that (IIT) implies
(IT), i.e., if (III) holds, then o = lim,_,;- Re W exists and is equal to [.

STEP 5: To end the proof, we have to prove (b).
Suppose that f is holomorphic. We introduce a holomorphic function
g € Hol(A, C) as follows:

(21) g = (f(A1),7) = (B/2)(\* - 1).
It follows from (III) that

Re (f(A7), (A1)") = B/2.
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On the other hand,

AT T

(FOT), (Or)*) = <f(>w), e ﬁ> _ (f) ) (%W )

8 A-1
- (“’(” A 1)) R NGy
A —1]? B(1—=N)(1+ )

BRI (PO T Vo R T

Therefore Re — 9192\)2 > 0. By the Riesz—Herglotz representation formula,

9N :% 1+A5d0(<)
|

—(1 = \)2 =1 1= AC

where do(({) is a positive measure on the unit circle. Decomposing do with
respect to Dirac’s d-function at the point ¢ =1, do(¢) = ad({) + do1({), a > 0,
we calculate:

1+T(_
|=11—7r¢

lim 9(r) = lim (1—7r ad do = 2a .
(22 =t ) f (a5(C) + dor(C)) = 20 > 0

r—1=-7 — r—1-—

This fact, in turn, implies that

(23) tim SOy (Lﬂl - g(r—i—l)) —2a+8

r—1- r—1 r—1- \ 1 —

exists and is real.
Since by Step 4, Re(2a + ) = 3, we have that a = 0, and hence the limit

hm <f(TT)ﬂT> — 6
r—1- r—1
is real. This completes the proof of our theorem. |

Remark 2: As pointed out by the referee, our assumption that 7 is a bound-
ary null point of f in the sense that lim,_,;- f(r7) = 0 is used to prove the
implication (I)=-(III). As a matter of fact, our proof shows that (III) and (IV)
are equivalent even without this assumption. For holomorphic mappings in the
finite dimensional case, a complete characterization of boundary regular fixed
points of semigroups is given in [6] (see Theorems 3.8 and 4.7 therein).



408 MARK ELIN, SIMEON REICH AND DAVID SHOIKHET Isr. J. Math.

Example 2: Let H; be a Hilbert space. Consider the semigroup of holomorphic
self-mappings of the unit ball B of the space H := C x H; defined by the formula

2 et/?

z2
zZ1 + et(l — Zl) ’ Z1 +€t(1 — Zl)) ’

Fi(z1,22) = (

where 21 € C, 22 € Hi, |21]?+ | 22/|* < 1. This semigroup has a boundary fixed
point 7 = (1,0) which is not its Denjoy—Wolff point. Consider the semigroup
generator f € Hol(B, H):

aFt(Z’l, 22)

f(zlaZQ) = - ot

= (21(1 —z1),((1 - 221)22)/2)'

t=0*

Now we just calculate

o 07T
r—1- r—1

= 1.

Hence,

d, (Fy(2)) < €e'd,(z), z€B, t>0.

Example 3: Define another semigroup {F},5 = {(£%), , (F%) on the unit

2}t20

ball B of the same space H by the formulas:

(L+ ) — (1—21) 20+ ¥ — (L= a)°
L+ D) — (1= 21 ’

0 (Fi), (21, 22)
8251

(F2); (21, 22) =

(F1)g (21,22) = 22

where 21 € C, 29 € H1, |21|>+]22]|> < 1. Consider its generator f € Hol(B, H):

_ OF(21,22) _ (_(1—21)(1+Z%) 2(l -2 +Z%+Z?))
815 t=0+ 1 + 2z ’ (1 + 21)2

f(Zh 22) =

It is clear that f has three boundary null points: 71 = (1,0), 72 = (¢,0) and
T3 = (—1,0). For each one of them we just calculate

(f(rri),m1) —(1=r@+r)

a1 TE{L r—1 rir?f (1+7r)(r—1) )
(1 — i1 — 2
ay = lim (f(rme),m2) _ (1 —ri)(1 —r?)(—1) _ s
r—1- r—1 r—1- (I+7i)(r—1)
_ N1 2
Qg = lim <f(7’7'3), T3> lim (1 -+ TZ)(l r )’L -9

r—1- r—1 - r—1- (1 — Ti)(’l" — 1)
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Hence, the following three inequalities hold simultaneously for all z € B and
t>0:

dTl (Ft(z)) < e_td‘l'l (Z)a
dr, (Fy(2)) (z
dry (Fy(2)) (2

These inequalities mean that for each point z € B and for each ¢ > 0, the image

IN

)

€2t de
e?td,, (2).

)
)

IN

Fi(z) belongs to the intersection of the ellipsoids:
E(r1,e 7y (2)) N E(19,e*d,, (2)) N E(13, e*d (2)).

Example 4: Consider the one-parameter continuous semigroup & = {F;}i>0,
consisting of holomorphic self-mappings of the open unit disk A in the complex
plane, defined by

Fi(2) =1 — (1 —exp(—t) + exp(—t)V1 —2)%, z€ A, t>0.
One can check that S is generated by the following function:
fz)==-2V1—-2z2(V1—-2-1).

It is easy to see that f(1) = 0, but f has no angular derivative at the point

z = 1. At the same time, this point is not even a fixed point of S.

Example 5: Now we consider the semigroup & = {F;};>0 C Hol(A) defined by

(14 2)*® — (1 = 2)*®
(1+2)2® + (1 — z)a®)

Ft(Z)

where a(t) = e~2t. Differentiating at ¢t = 0, we find its generator:
1
f2) = (1= ) log 1

—z

Similarly as in the previous example, f(+1) = 0, but f has no angular derivative
at the points 71 = 1 and 7 = —1. However, in contrast with that example,
these points are fixed points of the semigroup:

Fy(£1) =41 forall ¢t>0.

Moreover, it is possible to calculate the “non-Euclidean distance” diq(Fi(2)).
In particular, for real z = z we have:
1— Ft (l‘)

di(Fi(x)) = T+ F2)

= (1= 2)/(1+2)"O = dy ().
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Since 0 < «(t) < 1 when ¢t > 0, we conclude that for each fixed ¢t > 0, the

quotient % tends to infinity as z = = tends to 1 radially, i.e., di(F;(2))

does not admit an estimate of the form A(t)d;(z).
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